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Abstract
In this paper, we study the conjecture II.1.9 of [BIRS], which said that any
maximal rigid object without loops or 2-cycles in its quiver is a cluster-tilting
object in a connected Hom-finite triangulated 2-CY category C. We obtain
some conditions equivalent to the conjecture, and using them we proved the
conjecture.
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1 Introduction
The theory of cluster algebras, initiated by Fomin-Zelevinsky in [FZ1], and further
developed in a series of papers, including [FZ2, BFZ, FZ3], has turned out to have in-
teresting connections with many parts of algebra and other branches of mathematics.
The cluster categories associated with finite dimensional hereditary algebras intro-
duced in [BMRRT] and the module categories modΛ for Λ the preprojective algebra
of a Dynkin quiver[GLS] have been developed for the categorification of cluster al-
gebras. This development has both inspired new directions of investigations on the
categorical side, as well as interesting feedback on the theory of cluster algebras. We
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refer the reader to the nice papers [BM, BMR1, BMR2, BMRRT, GLS, Ke1, Rei, Rin]
for the further results.
Both the cluster categories and the stable categories modΛ of preprojective al-
gebras are triangulated 2-Calabi-Yau categories (2-CY for short). They both have
what are called cluster-tilting objects, which are important since they are the analogs
of clusters. Hence the theory of cluster tilting objects in 2-CY categories has been
studied in a lot of papers, for example [BIRS, BIKR, IY, ZZ] etc. Cluster-tilting
objects (subcategories) in 2-CY categories have many nice properties. For example,
the endomorphism algebras are Gorenstein algebras of dimension at most 1 [KR];
cluster-tilting objects have the same number of non-isomorphic indecomposable di-
rect summands[DK]. Cluster-tilting objects are maximal rigid objects, however the
converse is not true in general. For examples of 2-CY categories in which maximal
rigid objects are not cluster tilting please refer to [BIKR, BMV]. It is natural to ask
under what conditions maximal rigid objects will be cluster-tilting. In [BIRS], Buan,
Iyama, Reiten and Scott proved that for an exact stably 2-CY category C if it admits a
cluster-tilting subcategory, then every functorially finite maximal rigid subcategory is
cluster-tilting in Theorem II.1.8, which was generalized to arbitrary 2-CY categories
by Zhou and Zhu (Theorem 2.6 [ZZ]). In addition, they gave a conjecture in [BIRS]
Conjecture 1 (Conjecture II.1.9 [BIRS]). Let C be a connected Hom-finite triangu-
lated 2-CY category. Then any maximal rigid object without loops or 2-cycles in its
quiver is a cluster-tilting object.
The aim of this paper is to prove this conjecture.
Cluster-tilting subcategories in Calabi-Yau categories, and in general n-rigid Sn-
subcategories in triangulated categories with a Serre functor , was systematic studied
by Iyama and Yoshino in [IY]. The notion of subfactor categories was induced, more-
over Iyama and Yoshino get a result that there is a one-one correspondence between
cluster-tilting subcategories of C containing D and cluster-tilting subcategories of the
subfactor category U (Theorem4.9 [IY]). Inspired by this theorem, we reduce the
conjecture to the following: if T is an indecomposable maximal rigid object without
loops, then T is a cluster-tilting object. From this point of view, we obtain some
conditions equivalent to the conjecture, which we then use to prove the conjecture.
Theorem 3.6’. Let C be a connected Hom-finite triangulated 2-CY category. Then
any maximal rigid object without loops in its quiver is a cluster-tilting object.
The paper is organized as follows.
In section 2, we collect some useful notions and results which will be used in the
proof of the conjecture, especially the notion of the subfactor subcategories. In section
3, we give the proof of main results.
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2 Preliminaries
Throughout this paper, k denotes an algebraically closed field and C denotes a k-
linear triangulated category whose shift functor is denoted by [1]. We assume, unless
otherwise stated, that C is Hom-finite and Krull-Schmidt, i.e. any object of C is
isomorphic to a finite direct sum of objects whose endomorphism rings are local.
We denote by indC the set of isomorphism classes of indecomposable objects in C,
and by C(X, Y ) the set of morphisms from X to Y in C. We denote by radC the
Jacobson radical of C, namely, radC is an ideal of C such that radC(X,X) coincides
with the Jacobson radical of the endomorphism ring EndCX for any X ∈ C. For basic
references on representation theory of algebras and triangulated categories, we refer
to [ASS, Hap].
For a subcategory D of C, we always mean that D is a full subcategory which
is closed under isomorphisms, direct sums and direct summands. D⊥ (resp. ⊥D)
denotes the subcategory consisting of X ∈ C with C(D,X) = 0 (resp. C(X,D) = 0)
for any D ∈ D. For any object T ∈ C we denote by addT the smallest additive
subcategory of C containing T .
A morphism f : X → Y is called right minimal if every h ∈ EndCX such that
fh = f is an automorphism. We call f a right almost split morphism if f ∈ radC and
C(−, X)
f∗ // radC(−, Y ) // 0
is exact as functors on C. A morphism f is called right minimal almost split if it both
right minimal and right almost split. Dually, a left minimal almost split morphism
is defined. For a subcategory D of C, we call f a right D-approximation of Y ∈ C if
X ∈ D and
C(−, X)
f∗ // C(−, Y ) // 0
is exact as functor on D. Similarly, we call a right D-approximation minimal if it is
right minimal. We call D a contravariantly finite subcategory of C if any Y ∈ C has a
right D-approximation. Dually, a (minimal) left D-approximation and a covariantly
finite subcategory are defined. A contravariantly and covariantly finite subcategory
is called functorially finite. It is easy to see that addT is functorially finite for any
object T ∈ C using Hom-finiteness and the fact that the number of indecomposable
summands of T is finite.
For two subcategories X and Y of C, X ∗ Y denotes the collection consisting of
all objects E occurring in triangles X → E → Y → X [1], where X ∈ X , Y ∈
Y . We call X extension closed if X ∗ X = X . By the octahedral axiom, we have
(X ∗ Y) ∗ Z = X ∗ (Y ∗ Z).
Definition 2.1. For X, Y ∈ C and n ∈ Z, we put Extn(X, Y ) = C(X, Y [n]). A
triangulated category C is called 2-Calabi-Yau, 2-CY for short , if there are bifunctorial
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isomorphisms
Ext1(X, Y ) = DExt1(Y,X)
for X, Y ∈ C, where D =Homk(−, k) is the duality of k-spaces.
A Hom-finite triangulated category C is 2-CY if and only if it has almost split
triangles with the AR-translation τ and τ : C → C is a functor isomorphic to the
shift functor [1] (see [RV]). An exact category is called a stably 2-CY category if it
is Frobenius, that is, it has enough projectives and injectives, which coincide, and
the stable category is a 2-CY triangulated category. If a triangulated category is
triangulated equivalent to the stable category of a stably 2-CY exact category, then
we call it an algebraic triangulated 2-CY category[BIRS]. For more examples and
information on 2-CY category please refer to [BIRS, Ke2, Ke3].
Definition 2.2 (Definition 2.1 [ZZ]). Let T be a subcategory of a triangulated 2-CY
category C.
• T is called rigid if Ext1(T , T ) = 0.
• T is called maximal rigid if T is rigid and is maximal with respect to this prop-
erty, i.e. if Ext1(T ∪ addM, T ∪ addM) = 0, then M ∈ T .
• T is called cluster-tilting if T is functorially finite and T = T [−1]⊥ =⊥ T [1].
An object T is called rigid, maximal rigid or cluster-tilting if addT is a rigid,
maximal rigid, or cluster tilting subcategory respectively.
Remark 2.3. 1. Higher analogous concepts of n-rigid, maximal n-rigid and n-
cluster-tilting subcategories were defined in [IY]. As such, rigid, maximal rigid
and cluster tilting subcategories are often known as 2-rigid, maximal 2-rigid
and 2-cluster-tilting subcategories, respectively.
2. Any triangulated 2-CY category C admits rigid subcategories (0 is viewed as a
trivial rigid object), and also admits maximal rigid subcategories if C is skeletally
small. But there are triangulated 2-CY categories which contain no cluster-
tilting subcategories [BIKR, BMV].
3. Cluster-tilting subcategories are functorially finite maximal rigid subcategories.
But the converse is not true in general [BIKR, BMV]. It was observed by Buan-
Marsh-Vatne [BMV] that the cluster tubes contain maximal rigid objects, but
none of them are cluster-tilting objects.
4. Let T be a functorially finite maximal rigid subcategory of a triangulated 2-CY
category C. Then every rigid object belongs to T ∗ T [1]. T is cluster-tilting if
and only if C = T ∗ T [1] (see [ZZ]).
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In order to prove our main results, let us review some useful notions and results
(for more details please refer to [IY, ZZ]).
Definition 2.4 (Definition 2.5 [IY]). Fix a subcategoryD of C satisfying C(D,D[1]) =
0. For a subcategory X of C, put
µ−1(X ;D) = (D ∗ X [1]) ∩⊥ D[1].
Then µ−1(X ;D) consists of all C ∈ C such that there exists a triangle X
f // DX // C //X [1]
with X ∈ X and a left D-approximation f .
Dually, for a subcategory Y of C, put
µ(Y ;D) = (Y [−1] ∗ D[1]) ∩ D[−1]⊥.
Then µ(Y ;D) consists of all C ∈ C such that there exists a triangle C // DY
g // Y // C[1]
with Y ∈ Y and a right D-approximation g.
We call a pair (X ,Y) of subcategories of C a D-mutation pair if
D ⊂ Y ⊂ µ−1(X ;D) and D ⊂ X ⊂ µ(Y ;D).
It is not difficult to see that: for subcategories X ,Y containing D, (X ,Y) forms a
D-mutation pair if and only if for any X ∈ X , Y1 ∈ Y there are two triangles:
X
f // D
g // Y // X [1]
X1
f1 // D1
g1 // Y1 // X1[1]
where D,D1 ∈ D, Y ∈ Y , X1 ∈ X , f and f1 are left D-approximations; g and g1 are
right D-approximations. Hence, for a D-mutation pair (X ,Y), Iyama and Yoshino
construct a functor G : X /[D]→ Y/[D] as follows: For any X ∈ X , fix a triangle
X
αX // DX
βX // GX
γX //X [1]
where DX ∈ D,GX ∈ Y , and αX is a left D-approximation, βX is a right D-
approximation, and define GX by this. For any morphism f ∈ C(X,X ′), X,X ′ ∈ X ,
there exist morphisms g and h which make the following diagram commutative.
X
f

αX //DX
g

βX // GX
h

γX // X [1]
f [1]

X ′
αX′ // DX′
βX′ // GX ′
γX′ // X ′[1]
Now put Gf¯ := h¯.
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Proposition 2.5 (Proposition 2.6 [IY]). In the situation above, the following asser-
tions hold.
(1) The functor G : X /[D]→ Y/[D] is an equivalence of categories.
(2) Y = µ−1(X ;D) and X = µ(Y ;D) hold.
Next, we will introduce the notion of subfactor triangulated categories which was
also defined by Iyama and Yoshino in [IY]. Let C be a triangulated category and
D ⊂ Z be subcategories of C. Assume Z and D satisfy the following two conditions:
(Z1) Z is extension closed, i.e. Z ∗ Z = Z .
(Z2) (Z,Z) forms a D-mutation pair.
Definition 2.6 (Definition 4.1 [IY]). Under above setting, put the subfactor category
U := Z/[D]
where [D] is the ideal of C consisting of morphisms which factor through objects in
D.
Denote by 〈1〉 the equivalence G : U → U constructed in Proposition 2.5. Thus for
∀X ∈ Z, there exists a triangle
X
αX // DX
βX // X〈1〉
γX // X [1]
where αX is a left D-approximation of X and X〈1〉 ∈ Z. Note that X〈1〉 is unique
up to summands in D.
Let X
a // Y
b // Z
c // X [1] be a triangle in C with X, Y, Z ∈ Z. Since
C(Z[−1],D) = 0, which makes the composition Z[−1] → X → DX is zero, then
there is a commutative diagram of triangles:
X
a // Y
b //

Z
c //
d

X [1]
X
αX // DX
βX // X〈1〉
γX // X [1]
with αX a left D-approximation and βX a right D-approximation. Define the triangles
in U to be the diagrams in U which are isomorphic to a diagram
X
a // Y
b // Z
d // X〈1〉
in U , where a, b, d are the residue classes of morphisms a, b, d.
Theorem 2.7 (Theorem 4.2 [IY]). The category U forms a triangulated category with
respect to the auto-equivalence 〈1〉 and triangles defined in Definition 2.6.
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In the following, we collect some useful properties of the subfactor category U
which were proved in [IY].
Lemma 2.8 (Proposition 4.4(1) [IY]). In the situation above, if T is a rigid subcat-
egory of Z, then so is T as a subcategory of U .
Theorem 2.9 (Theorem 4.7 of [IY] in the case n = 2). Let C be a triangulated 2-CY
category, D a functorially finite rigid subcategory of C. Set Z = D[−1]⊥ =⊥ D[1],
then the subfactor category U = Z/[D] forms a triangulated 2-CY category too.
3 Main Proof
Lemma 3.1. Let C be a Hom-finite Krull-Schmidt additive category, T = T1 ⊕ T2 ⊕
... ⊕ Tn a basic object of C, where Ti are non-isomorphic indecomposable summands
of T . For any object M ∈ C, if there is a non-zero minimal left addT -approximation
f : M → T ′ of M , assume f =
(
f1
f ′′
)
: M // T1 ⊕ T
′′ , then f1 cannot factor
through add(T/T1).
Proof. If f1 factors through some non-zero object N ∈ add(T/T1), i.e. f1 = gh, then
we have a commutative diagram of morphisms
N ⊕ T ′′
(g 0
0 1
)
&&▲▲
▲▲▲
▲▲▲
▲▲
M
(f1f ′′) //
( hf ′′)
;;✈✈✈✈✈✈✈✈✈✈
T1 ⊕ T
′′
where N, T ′′, T1 ∈ addT .
We claim
(
h
f ′′
)
: M // N ⊕ T ′′ is a left addT -approximation of M . Indeed,
For any X ∈ addT , ∀ϕ : M → X , there exists a morphism ψ : T1 ⊕ T
′′ → X such
that ϕ = ψf because f is a left addT -approximation. Noting that f =
(
f1
f ′′
)
=(
g 0
0 1
)(
h
f ′′
)
, hence ϕ = ψ
(
g 0
0 1
)(
h
f ′′
)
. That means the sequence
(N ⊕ T ′′, X)
(
h
f ′′
)
∗
// (M,X) // 0
is exact.
As we know the minimal left approximation is a direct summand of any left ap-
proximation by Proposition5.1.2 of [EJ], i.e. T1⊕ T
′′ is a direct summand of N ⊕ T ′′,
T1 must be a direct summand of N by the unique decomposition theorem . But in our
case, that is impossible, because T1 is not contained in N as a direct summand.
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We call a subcategory T ′ an almost complete maximal rigid subcategory if there
is an indecomposable object X which is not isomorphic to any object in T ′ such that
T = add(T ′ ∪ {X}) is a functorially finite maximal rigid subcategory in C. Such X
is called a complement of an almost complete maximal rigid subcategory T ′. Noting
that the radical of EndCX is nilpotent for any complement X and T has right and
left almost split morphisms by functorially finiteness of T , it is easy to see that any
almost complete maximal rigid subcategory is functorially finite (cf. Proposition 3.13
of [AS]). As before, an object T ′ is called almost complete maximal rigid if addT ′ is
an almost complete maximal rigid subcategory.
Lemma 3.2. [Corollary3.3 [ZZ]] Let C be a triangulated 2-CY category, T ′ an almost
complete maximal rigid subcategory of C. Then there are exactly two complements of
T ′, say X and Y . Denote by T = add(T ′∪{X}), T ∗ = add(T ′∪{Y }). Then (T, T ∗),
(T ∗, T ) are T ′-mutation pairs.
Let T = Tm11 ⊕ T
m2
2 ⊕ ...⊕ T
mn
n be an object in C, where the Ti are pairwise non-
isomorphic indecomposable objects and mi ≥ 1. Let Si = STi be the simple EndC(T )-
module corresponding to Ti, and Pi = C(Ti, T ) be the indecomposable projective
EndC(T )-module with top Si. It is well known that the following numbers are equal
for 1 ≤ i, j ≤ n [ASS, GLS]:
• The number of arrows i→ j in the quiver of EndCT ;
• dim Ext1End(T )(Si, Sj);
• The dimension of the space of irreducible maps Ti → Tj in the category addT
Lemma 3.3. Let X ≇ Y be the two complements of a basic almost complete maximal
rigid object T ′. Then the following are equivalent:
• The quiver of EndC(T
′ ⊕X) has no loops at X;
• Every non-isomorphism ϕ : X → X factors through addT ′;
• dimExt1
C
(Y,X) = 1.
Proof. The proof of Lemma 6.1 in [GLS] works also in this setting. For the con-
venience of the reader we briefly give the proof. The equivalence of the first two
statements is easy to show. By Lemma 3.2, there is a triangle
X
f // T1
g // Y // X [1]
where f is a left approximation and T1 ∈ addT
′. Applying C(−, X) functor yields an
exact sequence
C(T1, X)
C(f,X) // C(X,X) // C(Y [−1], X) // 0
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Since f is an addT ′-approximation, every non-isomorphism ϕ : X → X factors
through addT ′ if and only if it factors through f . This is equivalent to the cok-
ernel Ext1
C
(Y,X) = 1 of C(f,X) being 1-dimensional. Here we use that k is an
algebraically closed field, which implies that C(X,X)/radC(X,X) ∼= k.
Lemma 3.4. Let C be a triangulated 2-CY category, T a basic maximal rigid object
without loops in its quiver. Assume T = T1⊕T2⊕...⊕Tn where Ti are non-isomorphic
indecomposable summands of T and T ′ = T/Ti is an almost complete maximal rigid
object for any 1 ≤ i ≤ n.
Put D = addT ′ ⊂ Z = D[−1]⊥ =⊥ D[1], and U = Z/[D]. Then
T 〈1〉 // 0 // T // T and T // 0 // T 〈1〉 // T 〈1〉
are AR-triangles in U .
Proof. By Theorem 2.9, U is a 2-CY category with shift 〈1〉, and 0 is an almost
complete maximal rigid object. By Lemma 3.2, there are exactly two complements of
0, that is to say there are only two maximal rigid objects (up to isomorphism) in U ,
which consist of exactly one direct summand. Because U(T 〈1〉, T 〈2〉) = U(T, T 〈1〉) =
0 by Proposition 2.8, T and T 〈1〉 are maximal rigid objects of U , similarly T 〈i〉 is a
maximal rigid object for any i ∈ Z. But there are only two maximal rigid objects in
U and T 〈i〉 and T 〈i+ 1〉 are distinct maximal rigid objects by U(T 〈i〉, T 〈i+ 1〉) = 0,
hence we get that
T 〈−1〉 ∼= T 〈1〉 ∼= ... ∼= T 〈odd〉 and T 〈0〉 ∼= T 〈2〉 ∼= ... ∼= T 〈even〉
Because the quiver of EndCT has no loops, clearly the quiver of EndUT has no loops
too. By Lemma 3.3, dimExt1
U
(T, T 〈1〉) =dimExt1
U
(T 〈1〉, T ) = 1, Noting that 〈1〉 =
τU because U is 2-CY, then dimExt
1
U
(T, τT ) =dimExt1
U
(τT, T ) = 1. That means the
non-split triangles
T 〈1〉 // 0 // T // T and T // 0 // T 〈1〉 // T 〈1〉
are AR-triangles in U .
Theorem 3.5. Let C be a Hom-finite triangulated 2-CY category, T a basic maximal
rigid object whose quiver has no loops, D = T [−1]⊥ =⊥ T [1]. Then the following are
equivalent.
(1) T is a cluster-tilting object;
(2) ⊥T ∩ D ∩ T⊥ = 0;
(3) ⊥T ∩ D = 0 or D ∩ T⊥ = 0.
Proof. Obviously (3)⇒ (2).
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(1)⇒ (3): By the definition of cluster-tilting, D = addT , hence
⊥T ∩ D =⊥ T ∩ addT = 0.
Similarly D ∩ T⊥ = 0.
(2)⇒ (1): In order to prove T is cluster tilting, it suffices to prove D ⊆ addT .
Let X be a non-zero indecomposable object of D. Then C(X, T ) 6= 0 or
C(T,X) 6= 0 by condition (2).
If C(X, T ) 6= 0, then we have a non-zero minimal left addT -approximation f :
X → T ′ of X. Because f 6= 0, by decomposing T ′ we can find an indecomposable
summand Ti 6= 0 and fi 6= 0 such that
f =
(
fi
f ′′
)
: X // Ti ⊕ T
′′ .
We can assume i = 1, then f =
(
f1
f ′′
)
: X // T1 ⊕ T
′′ , and f1 : X → T1
does not factor through add(T/T1) by Lemma 3.1.
Now put D = add(T/T1), D ⊂ Z = D[−1]
⊥ =⊥ D[1] and U = Z/[D]. Noting
f1 ∈ Z because D ⊆ Z, then the residue of f1 in U , denoted by f¯1, is not zero
by the definition of U (f1 does not factor through add(T/T1)), and it follows
that X 6= 0 in U .
Then we get that X ∈ addT in C as follows. By Lemma 3.4, the triangle
T1〈1〉 // 0 // T1 // T1
is the AR-triangle ending at T1, noting T1 ∼= T in U . If f¯1 were not a retraction,
then it would factor though 0→ T1 (right minimal almost split), i.e. there is a g
such that f¯1 = 0 ·g = 0, in contradiction to f¯1 6= 0. Therefore, f¯1 is a retraction,
but X is indecomposable, then X ∼= T1 ∼= T in the subfactor category U . That
means X ⊕ D1 ∼= T1 ⊕ D2 in Z, D1, D2 ∈ D, by the unique decomposition
theorem and T1 /∈ D, T1 must be a direct summand of X . Again because X is
indecomposable in Z, we get X ∼= T1 in Z , hence in C, that means X ∈ addT .
If C(T,X) 6= 0, by the same argument using the dual of Lemma 3.1, we also
have X ∈ addT . Hence, D ⊆ addT , i.e. T is a cluster-tilting object. We have
completed the proof.
Now, we can prove the conjecture. Recall that a triangulated category C is said to
be connected if the underlying graph ΓC of the AR-quiver ΓC is a connected graph,
where the underlying graph ΓC is obtained from ΓC by forgetting the orientation of
the arrows. For the definition of AR-quiver of a triangulated category please refer to
[Hap].
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Theorem 3.6. Let C be a connected Hom-finite triangulated 2-CY category. Then
any maximal rigid object T without loops or 2-cycles in its quiver is a cluster-tilting
object.
Proof. Let T be a basic maximal rigid object whose quiver has no loops. Using the
notations from Theorem 3.5, it suffices to show that ⊥T ∩ D ∩ T⊥ = 0.
If ⊥T ∩ D ∩ T⊥ 6= 0, let 0 6= M ∈⊥ T ∩ D ∩ T⊥ with M indecomposable. If
the space of irreducible maps IrrC(N,M) 6= 0 for some indecomposable object N , i.e.
there exists an irreducible map from N toM . We claim that N is also in ⊥T ∩D∩T⊥.
Indeed, taking the AR-triangle ending at M
τM // E //M // τM [1] ,
and applying functors C(−, T [1]) and C(T,−), we obtain the following exact sequences
0 = C(M,T [1]) // C(E, T [1]) // C(τM, T [1]) = C(M [1], T [1]) = 0 (a)
0 = C(T,M [1]) = C(T, τM) // C(T,E) // C(T,M) = 0 (b)
Then we get E ∈ D from (a) and E ∈ T⊥ from (b).
To prove our claim, it suffices to show E ∈⊥ T . If C(E, T ) 6= 0, there at least exists
a non-zero indecomposable direct summand X of E such that C(X, T ) 6= 0. Noting
that X ∈ D since E ∈ D, then using the same arguments in the proof of “(2)⇒ (1)”
in Theorem 3.5, we get X ∈ addT in C. Since X ∈ addT is an indecomposable
direct summand of E, there exist irreducible morphisms between X and M . Then
C(T,M) 6= 0, in contradiction toM ∈ T⊥. Hence E ∈⊥ T and thus, N ∈⊥ T ∩D∩T⊥.
If IrrC(M,N
′) 6= 0, dually we can prove N ′ ∈⊥ T ∩ D ∩ T⊥. (Applying functors
C(T [−1],−) and C(−, T ) to the AR-triangle M // E ′ //M [−1] //M [1] .)
We have shown that if N (resp. N ′) is a direct predecessor (resp. successor) of
M ∈⊥ T ∩ D ∩ T⊥, then N (resp. N ′) also belongs to ⊥T ∩ D ∩ T⊥. That means
the connected component which contains M is contained in ⊥T ∩D∩ T⊥, which is of
course contained in ⊥T . So T and M cannot be in the same connected component,
in contradiction to the connectness of C.
Noting that in the proof of the theorem, we do not use the condition that the
quiver of EndCT has no 2-cycles. Hence the Theorem 3.6 can be restated as follows:
Theorem 3.6’. Let C be a connected Hom-finite triangulated 2-CY category. Then
any maximal rigid object without loops in its quiver is a cluster-tilting object.
The following result is an immediate consequence of Theorem 3.6’ by combining
Theorem 2.6 of [ZZ]
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Corollary 3.7. Let C be a connected Hom-finite triangulated 2-CY category. If C has
a maximal rigid object whose quiver has no loops, then every maximal rigid object is
cluster-tilting.
Example 3.8. Let R be a one-dimension simple hypersurface singularity. Then the
category CM(R) of maximal Cohen-Macaulay modules is a Frobenius category, and
so that the stable category CM(R) is a triangulated 2-CY category [BIKR]. In the
case Dn with n odd, the AR-quiver of CM(R) is the following ([BIKR] or [Y])
B
✤
✤
✤
✤
// Y1
✝✝
✝✝
✝✝
✝✝
✝✝
✤
✤
✤
✤
//M1
☎☎
☎☎
☎☎
☎☎
☎☎
✤
✤
✤
✤
// Y2
☎☎
☎☎
☎☎
☎☎
☎☎
✤
✤
✤
✤
//M2
☎☎
☎☎
☎☎
☎☎
☎☎
✤
✤
✤
✤
// · · · //M(n−3)/2
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
✤
✤
✤
✤
))❙❙❙
❙❙❙
X(n−1)/2
ii❙❙❙❙❙❙
uu❦❦❦❦
❦❦
A // X1
\\✽✽✽✽✽✽✽✽✽✽
// N1
]]✿✿✿✿✿✿✿✿✿✿
// X2
]]✿✿✿✿✿✿✿✿✿✿
// N2
]]✿✿✿✿✿✿✿✿✿✿
// · · · // N(n−3)/2
``❇❇❇❇❇❇❇❇❇❇❇❇
55❦❦❦❦❦❦
where the dotted line between two indecomposable modules means that they are con-
nected via τ . Proposition 2.5 of [BIKR] proved that the indecomposable modules A
and B are maximal rigid objects in CM(R) but none of them is cluster-tilting. And
the computation of the support of Hom(A,−) is the following
A
❁
❁❁
❁ B
Y1
@@✂✂✂✂
❀
❀❀
❀ X1
BB✝✝✝✝
Yl
  ❆
❆❆
❆ M1
AA✄✄✄✄
· · ·
Nl
❄
❄❄
❄
??⑧⑧⑧⑧
Ml
Nl
✽
✽✽
X1+1
>>⑦⑦⑦⑦
Xl
✾
✾✾
CC✝✝✝
Y1
??⑧⑧⑧⑧
· · ·
A
CC✞✞✞
B
BB✆✆✆
1
✼
✼✼
0
1
FF☞☞☞
✷
✷✷
0
CC✞✞✞
1
✼
✼✼
0
CC✞✞✞
· · ·
1
✼
✼✼
CC✞✞✞
0
1
✷
✷✷
0
CC✞✞✞
1
✷
✷✷
FF☞☞☞
0
CC✞✞✞
· · ·
1
FF☞☞☞
0
FF☞☞☞
where B = τA and l = (n − 3)/2. Hence the quiver of End(A) has a loop, the case
of B is the same.
But the condition that the quiver has no loops is not necessary for a cluster-tilting
object, for example:
Example 3.9. Let R be a one-dimension simple hypersurface singularity in the case
An with n odd. the AR-quiver of CM(R) is the following ([BIKR] or [Y])
N−
vv♠♠♠
♠♠♠
♠
✤
✤
✤
✤
M1
✬
❴ ✗
//M2
✬
❴ ✗
oo // · · ·oo //M(n−1)/2
✬
❴ ✗
oo
66♠♠♠♠♠♠♠
((◗◗
◗◗◗
◗
N+
hh◗◗◗◗◗◗
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It was proved in Proposition 2.4 of [BIKR] that N+ and N− are cluster-tilting objects
in CM(R), and the computation of the support of Hom(N−,−) is the following
M1
""❋
❋ M1
  ❆
❆ M1
M2
""❋
❋
<<①①
M2
""❋
❋
<<①①
M2
>>⑥⑥
M3
<<①①
M3
<<①①
M3
>>⑥⑥
· · ·
Ml−1
""❊
❊
Ml−1
""❊
❊
Ml−1
Ml
""❉❉
❉
//
<<③③
N− //Ml //
""❊❊
❊
<<②②
N+ //Ml
<<②②
// N− · · ·
N−
??⑧⑧
N+
<<②②②
N−
<<②②②
1
✺
✺ 0
❀
❀❀
1
✺
✺
DD✠✠
1
❀
❀❀
AA✄✄✄
0
✺
✺
1
DD✠✠
1
DD✠✠
1
AA✄✄✄
0
1
✺
✺ 1
✺
✺ 1
1
✺
✺
//
DD✠✠
1 // 1 //
✺
✺
DD✠✠
0 // 1
✺
✺
DD✠✠
// 1 · · · 1
✺
✺
// 0 // 0
✺
✺
1
DD✠✠
0
DD✠✠
1
DD✠✠
0 · · · 1
DD✠✠
0
where l = (n − 1)/2. This shows that the quiver of End(N−) has a loop even though
N− is cluster-tilting.
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